Winding strings are known to be pair produced in Misner space, and their backreactions are expected to have the potential to smooth the spacelike singularity. We show in this note that this is actually the case. By studying a deformation of the matrix model for Misner space (proposed by the auther in hep-th/0509067), while now including the contributions from such condensates of winding strings, we find that without closed string tachyons, the spacelike singularity will still be replaced by a space-time noncommutative phase. We also show explicitly how this model provides a concrete example for starting and ending time in string theory. And the conventional notion of spacetime actually breaks down at a scale √ α ′ log w, with w the winding number of the condensed strings, which will be much larger than string scale.
Introduction
Recently it was found that closed string tachyons lead to many fascinating phenomena, e.g. smoothing singularities [1] [2] [3] [4] [5] , changing spacetime topology [6] and even spacetime dimension [7] , creating baby universes [6] , starting and ending time [2] [4] , and potentially resolving the black hole information paradox [3] [8] , many of whom have never been seen without tachyons (recent progress includes also [9] ). It is even more surprising that these can happen at the level of perturbative string theory, without referring to more subtle effects. Unfortunately in many situations we can not get such tachyons where we still expect similar phenomena should happen. So one is led to ask the following question: can we cook such effects without employing tachyons? From the world sheet point of view, tachyons are relevant perturbations of the original CFT. So we are actually asking the question: can milder (marginal or irrelevant) perturbations be substitutes for such relevant perturbations? In this note we realize one effect (resolution of a spacelike singularity) without employing closed string tachyons. Here winding strings will take the place of tachyons, providing essentially the same effect.
The resolution of spacelike singularities is one of the most outstanding problems in the study of quantum gravity. These singularities make appearance in many black holes and cosmological models. It is generally very hard to get much information about them.
So in order to make progress on this issue, more controllable toy models are proposed, the simplest of which may be the two dimensional Misner space, which can be defined as the quotient of two dimensional Minkowski space by a boost transformation.
Misner space can be embedded into string theory by adding 8 additional flat directions, and it is an exact solution of string theory at least at tree-level [10] . The dynamics of particles and strings in Misner universe were much explored in the literature (see for example [11] [12] [13] [14] [15] , for a good review see [16] ). In particular, it was realized in the above papers that winding strings are pair-produced and they backreact on the geometry. So they are expected play some role in the resolution of the singularity. More recently D-brane dynamics in Misner space was also discussed [17] .
Along another line, in the study of closed string tachyons, Misner space has reemerged as a valuable model [2] . By imposing anti-periodic boundary conditions for fermions on the spatial circle, one can get winding tachyons near the singularity which can significantly deform the original geometry. It is argued [2] that the spacetime near the spacelike singularity will be replaced by a new phase of the tachyon condensates.
We will use a matrix model to describe such a time-dependent background, following recent studies [4] [18] . One of the advantages of such holographic description is that backreaction can be taken into account more naturally, since the geometry and objects in it are not treated separately as in conventional theory including perturbative string theory. It was conjectured in [19] that the large N limit of the supersymmetric matrix quantum mechanics describing D0-branes provides a holographic description of M-theory in the light cone frame. In this model, known as BFSS matrix theory, all spatial dimensions are dynamically generated while time is put in a prior. Later in [20] , another matrix theory is proposed for IIB theory. This so called IKKT matrix theory is a 0+0 dimensional theory, in contrast to the 0+1 dimensional BFSS theory. In this theory, both spatial and temporal dimensions are generated dynamically. And the IKKT action is essentially just the D-instanton action.
A Lorentzian orbifolded version of IKKT matrix model, which is essentially the Dinstanton action in Misner space, was recently proposed in [4] to describe the full string theory in Misner space. It was shown there that the Higgs branch of the moduli space reproduces the original background geometry. And imposing anti-periodic boundary conditions for fermions, thus cooking some closed string tachyons near the singularity, the matrix model is deformed by such tachyon condensates. And in the deformed matrix model, the original spacelike singularity is shown to be replaced by a new phase, where spatial direction does not commute with the temporal direction. The whole picture in [4] is consistent with that of [2] . Both show a breakdown of conventional notions of time near the original singularity.
In this note, we will suggest that the pair-produced winding strings can play the same role as the closed string tachyons in [2] and [4] , namely the condensation of these winding strings will also smooth the spacelike singularity, which fact was more or less expected by Berkooz et al. [12] [13] [14] [15] .
The layout of this note is as follows. In section 2, we review some aspects of the Misner geometry and cosmological production of winding strings. Then in section 3, we encapsulate the backreaction of these winding strings in the deformed D-instanton matrix model, and read from the new moduli space the fate of the spacelike singularity. Our conclusions are presented in section 4, together with some comments on open issues.
Winding string condensation in Misner space
In this section we review mainly Berkooz et al.'s work [13] [14] showing winding string condensation in Misner space, using bosonic string as an example.
Misner space is an orbifold of 1+1-dimensional Minkowski space
by the identification
Coordinate transformation
can be made to write Misner space as
It is easy to see from (2.4) that this space-time contains two cosmological regions connected by a space-like singularity.
There are generally two kinds of closed strings in Misner universe: twisted and untwisted. Untwisted states include in particular the gravitons and their behaviors are particle-like. Their wave functions can be obtained by superposing a plane wave in the parent Minkowski space with its images under the boost (2.2), and is written as [11] [14]
5)
with j the boost momentum, m the mass, and s the SO(1, 1) spin in R (1, 1) .
Due to the orbifold projection (2.2), new twisted sectors arise in Misner space with strings satisfying
where the winding number w is an integer. Many mysterious of the Misner universe have origin from these winding strings. It was shown in [13] that there exists a delta-function normalizable continuum of physical twisted states, which can be pair produced in analogy with the Schwinger effect in an electric field [13] [14] .
Such production can be seen most straightly in closed string one-loop vacuum amplitude. There are some subtleties in the world-sheet and spacetime analytic continuation, and it was checked in [14] that a well-defined amplitude should be an integral with Euclidean world-sheet and Minkowskian spacetime and of the form
with F the fundamental domain of the moduli space of the torus, parameterized by ρ = ρ 1 + iρ 2 , and θ 1 and η are the Jacobi and Dedekind functions. The amplitude has poles at
with integer k parameterizing the poles and integer n labelling the vanishing factor in the Jacobi theta function. We are interested in the logarithm of the one-loop amplitude A, which is known as free energy, since its imaginary part gives the total decay rate of the vacuum. For the real worldsheet action, nonvanishing imaginary part can only arise from the above singularities (2.8).
To explore the spacetime interpretation of the amplitude, especially in the case with non-vanishing winding number, analogy with charged particles in the electric field was drawn [13] [14] . To use the previously developed semi-classical methods, they write the amplitude as the closed string path integral
[DX]e −S l,w (2.9)
with action
where we integrate over paths restricted to periodic configurations (with string winding number w)
Truncate to quasi-zero-modes
with ν = −γw and
and k,k labelling the periodic trajectory, and
In fact, (2.11) has the interpretation as an Euclidean worldsheet interpolating between two Lorentzian worldsheets which correspond to winding strings propagating in Misner space.
And later it will account for the tunnelling effect for winding string pair production.
Now the amplitude becomes an integral of the form
where the integration over η,η can be easily performed, but integration over R,R leads to divergences. The trick is to integrate out ρ first. The Gaussian integral with respect to ρ 1 is dominated by a saddle point at
The crucial point here is that this saddle point is a local maximum of the Euclidean action. Perturbations around this point lead to instabilities, indicating spontaneous pair production of winding strings by condensing the ρ 1 modes. * Similar instabilities were found in [4] by perturbing the matrix model action there.
Winding string pair production can also be seen by directly quantizing strings in Misner space [13] [14] , taking into account effects from Rindler regions of the extended Misner space. Excited modes of the bosonic part and fermionic modes, both zero-and excited, can be quantized using the same methods as in flat space. Subtleties lie in the bosonic zero-modes. In fact the string center of mass moves in an inverted harmonic potential, where similarities to charged particles in an electric field will also be found. The *We should also remind the reader that the imaginary part of the free energy, and thus the total pair production rate (with observing time infinitely long), vanishes, which is not surprising since the globally defined in and out vacua are identical for Misner space, though there are pair productions near the singularity [14] .
wave function in one of the Rindler patches is the zero-energy modes of the Schrodinger operator − d 2 dy 2 + V (y), with the potential
where r = e y and
with string zero modes α ± 0 andα ± 0 , coming from the Virasoro conditions. Tunnelling events under the above potential barrier correspond to local production of winding strings in Misner space, together with annihilation of long strings in the Rindler patch. Such induced string production gives complementary evidence for the spontaneous string production above.
By calculating the Bogolubov coefficients for the overlap of the wave functions, the induced pair production rate, i.e. the transition coefficient in Misner region, can be shown to be [13] q = e −πM 2 /2ν cosh(πM 2 /2ν) | sinh πj| , (2.19) which, near the singularity where winding strings can be very light, is of order unity with large winding number w. And thus strings with large winding number can be copiously produced.
A semi-classical estimation of the number of string pairs produced is carried out in [13] with the assumption that the distribution is homogeneous in the (x + 0 , x − 0 ) phase space, with the result
With vanishing boost momentum j, the production number diverges at the singularity where T 2 = 2X + X − = 0. And in the infinite past and infinite future, where T 2 goes to infinity, there is no string production and we recover the flat space physics correctly.
Winding-string-deformed matrix model for Misner space
Now we go on to ask: what is the effect of the condensation of the pair produced winding strings to the background geometry? It is generally difficult to encapsulate these backreactions. In the perturbative string formalism, Berkooz et al calculated [15] the effects of these winding strings to scattering amplitudes involving both twisted and untwisted strings, where induced fuzziness, much larger than string scale, was found. Here we will employ the recently proposed nonperturbative formulation of string theory in Misner space via matrix model [4] . Matrix models have the advantage of treating the geometry and objects in it more democratically where all are matrices, and hence the backreaction problem can potentially be better formulated.
The matrix model action in [4] is taken to be the D-instanton action in Misner space which thus can be calculated using the now standard methods for D-branes on orbifolds.
With the coordinates x ± promoted to matrices X ± , the action can be written in the following form
which is complemented by the symmetry The key point to resolve the spacelike singularity is that, when winding strings condense in Misner space, the matrix model (3.1) gets deformed
where the U (σ) term is the vacuum expectation value of the twisted fields. This can be seen as follows [4] .
It was shown by Douglas and Moore in [21] that the leading effect of twisted fields on the Euclidean orbifolds is to induce a FI-type term in the D-brane potential. This effect comes from the disk amplitude < φ k XX > with one insertion of the twisted sector field φ k at the center and two open string vertex operators at the boundary. With a detailed analysis of the full quiver gauge theory, which provides a description for D-branes on the orbifolds, they combine the FI term with the Born-Infeld action and the kinetic energies of the hypermultiplets, and then integrate out the auxiliary D-fields in the vectormultiplet, to find that the effect of the twisted sector fields is to add a term in the complete square. In our case, we are dealing with a Lorentzian orbifold which is more subtle than its Euclidean cousin. However to study the D-instanton theory, a Wick rotation can be performed to go to the Euclidean case, where the result of [21] can be consulted to finally get the deformed matrix model (3.3) .
It will also be good to perform an explicit computation of the disk amplitude < φ k XX > in Misner space. Although we still do not know how to write out the twisted vertex operators, some techniques have been developed in [15] to calculate such scattering amplitudes. There they observed that the vertex operators and amplitudes in Misner space can be analytically continued to corresponding objects in Nappi-Witten plane wave background, where analogous problems have already been solved, taking advantage of the fact that it is a Wess-Zumino-Witten model [22] . Particularly they show that the two-point, three-point and four-point functions of twisted states in Misner space match the plane wave result [23] . We note that the above amplitude < φ k XX > has also been calculated in the plane wave background [24] and is non-vanishing, providing another check for the FI-type coupling used above.
In some sector of the full theory (with anti-periodic boundary conditions for fermions on the θ circle), closed tachyon condensations can cook such vacuum expectation values for the twisted fields [2] [4] . In Misner space, generally there are no closed string tachyons.
But we can have other sources for such twisted field vacuum expectation values. In the above section we show that winding strings can be created and their condensation will also play such a role.
With such a deformed matrix model, we can show that the spacelike singularity gets non-commutative deformation, following the same process in [4] . The vacua are deformed
where we have used the approximation γ = 0, since the winding string condensates encoded in U (σ) now dominate.
From (3.4) we see that the spacelike singularity in Misner space gets space-time noncommutative deformation [25] . * * Far from the singularity, in the infinite past and infinite * * Non-commutative deformations of Calabi-Yau singularities have been studied in [26] . Cosmological consequences of space-time noncommutativity were discussed in [27] .
future, there is no winding string production (total number p goes to zero as T 2 = 2X + X − goes to ∞ in (2.20)), we recover the results in flat space, where we have a well defined picture for conventional geometry. Near the singularity, there are plenty of pair productions (p large or even diverging), ruining conventional notion of geometry. Think of an observer starting in the infinite future where she has a good notion of time, then let her go back in time. With the physical data at hand and assuming legality of conventional spacetime geometry, she may deduce that she "will" encounter a spacelike singularity. But "before" that happens, at some time scale t c , she will find that she has already lost the notion of "time". Thus time itself is created at some "time" in the history. This observer resembles so much human beings today, and our universe may have gone through similar stages in its early days.
Correspondingly the observers starting from infinite past will find at some time scale t c , the notion of time ends. Thus Misner space provides a concrete example for starting and ending time in string theory [2] [4] .
The time scale t c is expected to be of order √ α ′ log w, with w the winding number of the condensed strings. In the closed string sector, the fuzziness with twisted strings can be represented by
at large w [15] . The fuzziness in the matrix model essentially comes from the amplitude < φ w XX >, whose order can be estimated by squaring to < φ w |XXXX|φ w > and then consulting the above closed string result. And obviously the fuzziness is also characterized by ∆(w). From the induced pair production rate (2.19) , we see that there are copious production of strings with large winding number, and thus t c can be much larger than string scale.
Discussions
The resolution of spacelike singularity stands out long as a great challenge in the understanding of quantum theory of gravity. In this note, following our previous work in [4] , building on the series of elegant work by Nekrasov [11] and Berkooz et al. [12] [13]
[14] [15] , we make modest progress in this direction. Employing the tool of matrix model, we show that due to winding string pair production, the original singular geometry is not a suitable description of the vacuum. Near the region of the assumed-to-be singularity, the notion of conventional spacetime breaks down. Nevertheless the system still has a mathematical description, which is now a space-time noncommutative geometry.
The singularity resolution mechanism in this note has some interesting characteristics.
First, the resolution is stringy. We have to employ stringy degrees of freedom, i.e. winding strings, which will be unseen at the level of field theory. The equation of state of winding strings is very different from ordinary particles. They provide an effective cosmological constant for this two dimensional spacetime, and thus hold on the big crunch. Second, the resolution of this singularity is necessarily quantum mechanical (in contrast to the case in [4] ). From the worldsheet point of view, tachyons give relevant perturbations to the original CFT describing the original singular spacetime, driving it to another theory, while these winding strings give generally irrelevant perturbations, whose effects at first glance will be negligible. But we see above that through quantum creation and subsequently backreacting on the geometry, they also change the background remarkably. The mechanism is also robust. It requires only the existence of a deformation term with no further request of its detailed form.
There are still many interesting open questions regarding Misner space. For example, how to calculate the winding string production rate in the deformed background where the divergent result in the original spacetime is expected to be curable. Some attempts have been made in [14] . And it is tempting to speculate that the pair production spectrum may be thermal similar to amplitudes in the tachyon condensate phase calculated in [2] .
Since non-rotating BTZ black hole with M > 0 [28] also possesses a Misner type spacelike singularity, it is interesting to find out whether the singularity resolution mechanism in Misner space can shed some light on issues there. Space-time noncommutativity on stretched horizon of black holes was observed in [29] (see also [30] ).
